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TOKYO METROPOLITAN COLLEGE, MANAGEMENT AND INFORMATION’
: monic
$P$(x) $f(x)=0$
(pre-conditioning) $f(x)/P$ (x) $f(x)=0$
$P$(x) $f$ (x)





$M$ $\alpha_{1},$ $\cdots,$ $\alpha_{M}$ $m_{1},$ $\cdots$ ,mM $\sum_{p=1}^{M}m$p $f(x)$
$n$ $P(x)= \prod_{p=1}^{M}(x-\alpha_{p})^{\prime \mathrm{n}_{p}}$
$f(x)/P(x)=1+ \sum_{p=1}^{M}\sum_{\ell=1}^{m_{\mathrm{p}}}\mathcal{T}_{\alpha_{\mathrm{p}},l/(x-\alpha_{p})^{\ell}}$
$\tau_{\alpha_{\mathrm{p}},\ell}$
$f(x)/(P(x)/(x-\alpha_{p})^{m_{p}})$ $x=\alpha_{p}$ Taylor $(m_{p}-1)$
$k$




$\psi_{p}^{(k)}(\alpha_{p})/k!,$ $k$ =0, $\cdot$ .. , $m_{p}-1$ $B_{p}(x)=- \mathrm{R}_{\alpha_{p})^{\mathrm{n}_{\mathrm{p}}}}x’=\prod_{q(\neq p)}’Px(x-\alpha_{q})^{m_{q}}$ : $G_{p}(x) \equiv\frac{d}{dx}1$Og $B_{p}(x)=$
$\sum_{q(\neq p)\alpha_{q}}’\frac{m}{x-}arrow$ . $k=0,$ $\cdots,$ $(m_{p}-1)$ ‘ $\psi_{p}(x)\equiv f(x)/B_{p}$ (x) $\tau_{\alpha_{p},m_{p}-k}=$
$(1/k!)\psi_{p}^{(k)}(\alpha_{p})$
$\{\tau_{\alpha_{p},\ell}\}$
$\psi_{p}$ (x) $\psi_{p}^{\langle k)}(x)\equiv\phi_{p}^{[k]}(x)/B_{p}(x)$ $\phi_{p}^{[k]}(x)$ ( $\phi$
$[k]$ ) $\phi_{p}^{[0]}(x)=f$ (x) $\phi_{p}^{[k+1]}(x)=$
$( \frac{d}{dx}\phi_{p}^{[k]}(x))-\phi_{p}^{[k]}$ (x) $G$ (x) $\phi_{p}^{[k]}(x)$ $f^{(k)}(x)$ $f(x)$ $k$- $G_{p}^{(k)}(x)$ $G_{p}(x)$
$k$- $G_{p}^{(k)}(x)=(-1)^{k}k! \sum_{q(\neq p)(x-}^{l}\ovalbox{\tt\small REJECT}_{\alpha_{q})}^{m}$ $\{\tau_{\alpha_{p},\ell}\}$ $\tau_{\alpha_{p},m_{p}-k}=(1/k!)\psi_{p}^{(k)}(\alpha_{p})$
$x$ $\alpha_{p}$











$\phi_{p}^{[4}$ 1 $(x)=f^{(4)}(x)-4G(x)f^{(3)}(x)+(6G_{p}^{2}(x)-6G_{\mathrm{p}}^{(1)}(x))f^{(2)}(x)+$ ( $-$ 4G (x)+l2G ) $(x)G_{p}(x)-$
$4G_{p}^{(2)}(x))f^{(1)}(x)+(G_{p}^{4}(x)-6G\mathrm{p}(1) (x)G_{\mathrm{p}}^{2}+4G_{p}^{(2)}(x)+3(G_{\mathrm{p}}^{(1)}(x))^{2}-G_{p}^{(3)}(x))f(x)$ .
2 -ffi Lagrange $\Re\backslash$
monic $n$ $f(x)=0_{\backslash }$ Lagrange $M$ $\alpha_{1},$ $\cdots,$ $\alpha_{M}$
$m_{1},$ $\cdots,$ $m_{M}$ $\sum_{p=1}^{M}m$p $n$ $P(x)=$
$\prod_{p=1}^{M}(x-\alpha_{p})^{m_{p}}$ . $f(x)/P(x)=1+ \sum_{p=1}^{M}\sum_{l=1}^{m_{p}}\tau_{\alpha_{p}},\ell/(x-\alpha_{p})$ ’ $f$
$M$ $n$ ( ) $\varphi_{\alpha_{p},\mathit{1}}(x)\equiv 1/(x-\alpha_{p})^{t},$ $1\leq\ell\leq m_{p}$
1 $\mathrm{m}\mathrm{o}\mathrm{d} f(x)$ ( $P$(x) $\mathrm{m}\mathrm{o}\mathrm{d} f$ (x)
) $1=- \sum_{q=1}^{M}\sum_{j=1}^{m_{q}}\tau$\mbox{\boldmath $\alpha$}q’j $\varphi_{\alpha_{q},j}$ $x$
:. $\ell\geq 2$ $x\cdot\varphi_{\alpha_{\mathrm{p}}},\ell=\ulcorner_{x-\alpha_{\mathrm{p}})}^{\neg}=xr\sim Y+G^{=}d_{\mathrm{p}}$ $T\text{ }=\alpha_{p}\cdot\varphi_{\alpha_{p\prime}\ell}+1\cdot\varphi_{\alpha_{p},\ell-1}$. $\ell=1$ $x \cdot\varphi_{\alpha_{p\prime}1}=\frac{x}{x-\alpha_{\mathrm{p}}}=\frac{\alpha}{x-}\mathrm{z}_{-+1=\alpha_{p}\cdot\varphi_{\alpha_{p},1}-\sum_{q=1}^{M}\sum_{\mathrm{j}=1}^{m_{q}}\tau_{\alpha_{q},j}\cdot\varphi_{\alpha_{q},j}}\alpha_{\mathrm{p}}$ .
$T$ ’ $\varphi_{\alpha_{p},\ell}$ $P$(x)
Lagrange $B_{\alpha_{p},\ell}(x)$ $x$ $T$
$P$(x)
2.1 $n$
$P(x)=x^{n}$ $T$ 1 Hessenberg $f$ (x)
$x$ $f(x)=0$
$\{1, x,x^{2}, \cdots,x^{n-1}\}$ $x=0$ $x=\infty$





$\alpha_{n}\in \mathrm{C}$ $P(x)= \prod_{p}(x-\alpha_{p})$ $f(x)/P$(x)
$(x-\alpha j)$ $\tau_{j}\equiv f(\alpha_{j})/P’(\alpha j)_{\text{ }}x$ $T$ $t_{k,j}$ $=\alpha j\delta k,j-\tau j$ $T$
$f(x)=0$ $T$ Durand-Kerner
1









Schur $O$ (\sim ) 1 $O$ (n2) Durand-Kerner
( )
Durand-Kerner








$\alpha_{p}$ $m_{p}$ $\text{ }$
$\circ$ $P(x)= \prod_{p=1}^{M}$ ($x$ -\mbox{\boldmath $\alpha$}p)mp.\downarrow $f(x)/P(x)=$
$1+ \sum_{p=1}^{M}\sum_{k=1}^{m_{p}}\tau$
\mbox{\boldmath $\alpha$}
$p’ k/(x-\alpha_{p})^{k}$ $T$ $(p, k)$ $(x-\alpha_{p})^{k}$
$m_{p}$ $k=m_{p},$ $\cdots,$ $2$ $(m_{p}-1)$
\mbox{\boldmath $\alpha$}p 1 0 $k=1$ $(q,j)$ ($x-\alpha_{q}$V
$\tau_{\alpha_{q},j}$ $\alpha_{p}$
{3, 2, 1}
$f(x)$ monic 6- $\alpha,$ $\beta,$ $\gamma$ 3, 2, 1 $P(x)=$























’ F F| $\#$ $\mathrm{A}$ 1 ,










$D$ $T$ $Tarrow\tilde{T}=DTD^{-1}$ balancing $t_{k,j}=\alpha_{k}\delta_{k,jj}-\tauarrow\tilde{t}k,j=\alpha k\delta k,j-\tau j(d_{k}/dj)$
$\tau_{j}\neq 0$ $d_{j}=(\tau_{j})^{1/2}$ $\tau_{j}=0$ $\epsilon$ $4=(\epsilon)^{1/2}$
$\mathcal{T}j(d_{k}/dj)=(\tau_{k}\tau_{j})^{1/2}$ $\tilde{T}$ ( ) $\{\alpha\}$ $f$ (x)
$\mathcal{T}j$ ( $f$ (x)
) $\tilde{T}$
$T$ 2 $\tilde{T}$ 2 $n||\tau||_{2}^{2}$ –|I|21\geq 0(
) $T$ 1 $\tilde{T}$ 1




$f(x)/P(x)=1+ \sum_{p=1}^{n}\tau_{p}/(x-\alpha_{p})\text{ }$ $x$ . $1=| \sum_{p}\tau_{p}/(x-\alpha_{p})|$
$1 \leq\sum_{p}|\tau_{p}/(x-\alpha_{p})|$ 0 $\tau_{p}$ $n^{*}(\leq n)$ $n^{*}=0$ $f(x)/P(x)\equiv 1$ $x$
$n^{*}\neq 0$ $|\tau_{p}/(x-\alpha_{p})|\geq 1/n^{*}$ $|x-\alpha_{p}|\leq n^{*}|\tau_{p}|$ $p$
( ) $1 \leq\sum_{q}|\tau_{q}/(x-\alpha_{q})|\leq(1/\min_{q}|x-\alpha_{q}|)\sum_{q}|\tau_{q}|$
$q$ $|x-\alpha_{q}|$ $|x- \alpha_{q}|\leq\sum_{q}|\tau_{q}|=||\tau||_{1}$ $\alpha_{p}$
$x=\alpha_{p}$ \mbox{\boldmath $\tau$}p=0 $\tau_{\mathrm{p}}=0$ $\alpha_{p}$ $x$
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$x$ $|x-\alpha_{p}|\leq n^{*}|\tau_{p}|$ $p$ $|x-\alpha_{q}|\leq||\tau||_{1}$ $q$
$f(x)=0$ $p$ :lx-\mbox{\boldmath $\alpha$}pl $\leq n"|\tau_{p}|$
$q$ :lx-\mbox{\boldmath $\alpha$}ql $\leq||\tau||_{1}$
$\{\tau\}$ $t$ $F$ (x, $t$) $/P(x)$
$F$(x, $\mathrm{O}$) $=P$(x), $F$ (x, $1$ ) $=f$ (x) ( $F(x,$ $t)\equiv P(x)+t(f(x)-P(x))_{\text{ }}$ ) $t$
0 1 $D_{p}$ : $|x-\alpha_{p}|\leq n^{*}|\tau_{p}|$
Gershgorin :
( $D_{q}’$ : $|x-\alpha_{q}|\leq||\tau||_{1}$ )
Smith [12] Gershgorin






$1 \leq\sum_{p=1}^{M}(\sum_{k=1}^{m_{p}}|\tau_{\alpha_{p},k}/(x-\alpha_{p})^{k}|)\circ$ M $\{\alpha_{p},p$ =1, $\cdot$ .., $M\}$
$\tau_{\alpha_{p},k}$ , $k=1,$ $\cdots,$ $m$p 0 $M^{*}(\leq M)$ M*=0. $f(x)/P(x)\equiv 1$
$M^{*}\neq 0$ $\sum_{k=1}^{m_{p}}|\tau_{\alpha_{p},k}/(x-\alpha_{p})^{k}|\geq 1/M^{*}$
$\tau_{\alpha_{p},k}$ , $k=1,$ $\cdots,m$p 0 $p$ (
)
$r\equiv|x-\alpha_{p}|>0,a_{k}\equiv M^{*}|\tau_{\alpha_{p},k}|\geq 0$ $g(r) \equiv 1-\sum_{k=1}^{m_{p}}a_{k}/r^{k}\leq 0$ .
$a_{k}$ 0 $g$ (r) 0 $g(r)<0$ $g(r)=0$
$g(r)\leq 0$ r\leq Rp $|x-\alpha_{p}|\leq b$ $R_{p}$ $\alpha_{\mathrm{p}}$
Smith
$g(r)=0$ $R_{\mathrm{p}}$ { $a_{k},$ $k=1,$ $\cdots,$ $m$p}
0 $m_{p}^{*}$ 0 $1= \sum_{k=1}^{m_{p}}a_{k}/R_{p}^{k}$
$a_{k}/R_{p}^{k}\geq 1/m_{p}^{*}$ $k$ $k$ $R_{p}\leq(m_{\mathrm{p}}^{*}a_{k})^{1/k}$ $R_{p}$
$\max_{k}\{(m_{p}^{*}a_{k})^{1/k}\}$ $g(r)$ Newton-Raphson
$R_{p}$
: $M^{*},$ $m_{p}^{*}$ $M,$ $m_{p}$ Smith
$g$ (r) ($r>0$ ) $a_{k}$
$a_{k}$ $a_{k}$
Smith
$\alpha_{p}$ $f$ (x) $m_{p}$ $f(x)/P$(x) $x=\alpha_{p}$ { $\tau_{\alpha_{\mathrm{p}},k}$ ,
$\cdot$
$k=$
$1,$ $\cdots,$ $m_{p}\}$ 0 Smith 0 { $\tau_{p,k},$ $k$ =
1, $\cdots$ , $m_{p}$ } 0 0





$f$ (x) $L(0<L\leq m_{p})$ $f(x)/P$ (x) $x=\alpha_{p}$ $m_{p}-L$
$\{\tau_{\alpha_{p},\mathrm{b}}k$ =1, $\cdot$ . . , $m_{p}\}$ $k=m_{p}-$ L 0 $L$
$k=m_{p}-L+1,$ $\cdots,$ $m$p 0 $k$ $\mathrm{T}$
$L(1<L<m_{p})$ 0 $\alpha_{p}$ $f$ (x) T $L$ Smith $R_{p}$
$x=\alpha_{p}$ $|x-\alpha_{p}|\leq R_{\mathrm{p}}$
$\alpha_{p}$ Smith $R_{p}$ $f(x)=0$
( )
( 0 )
$f(x)/P$(x) { $\tau_{\alpha_{p}}$ ’k}
{ $t^{k}\tau_{\alpha_{p}}$ ,k} $F(x, t)/P$(x) $F$ (x, $\mathrm{O}$ ) $=P$(x),




(Smith $R_{p}$ $\{\tau_{\alpha_{\mathrm{p}},k},$ $k$ =1, $\cdot$ . . , $m_{p}\}$
$\tau_{\alpha_{p}}$ ,k $t$ $h_{p,k}(t)$ $h_{p,k}$ ( t)
$[0, 1]$ $[0, 1]$ $h_{p,k}(t)=t$ )
5
$f(x)/P(x)=1+ \sum_{j=1}^{n}\tau_{j}/(x-\alpha_{j})$ $\tau_{j}=f(\alpha_{j})/P’(\alpha_{j})_{\text{ }}$
$x$ :l+\Sigma jn$=1\tau j/(x-\alpha j)=0$ . $x$




($f(x)=0$ $P(x)$ pre-conditioning )
Newton-Raphson
Newton-Raphson $g(x) \equiv 1+\sum_{j}\tau_{j}/(x-\alpha_{j})$ $g$ Newton-
Raphson : $x \vdash x-g(x)/g’(x)=x+(1+\sum_{j}\tau_{j}/(x-\alpha_{j}))/(\sum_{j}\tau_{j}/(x-\alpha_{j})^{2})$




$\{\tau\}$ $\alpha_{k}$ $x$ $(x-\alpha_{k})$
: $x=\alpha_{k}-$ \mbox{\boldmath $\tau$}k $-(x- \alpha_{k})\sum_{\mathrm{j}(\neq k)}’\tau_{j}/(x-\alpha_{j})$ : $x^{(s+0}=\alpha k$ $-\tau_{k}-$ (x(s) -
$\alpha_{k})\sum$ ’j $(\neq k)\tau_{j}/(x^{(s)}-\alpha_{j})$ $\tau$ 1 $x^{(1)}=\alpha_{k}-\tau k$ Durand-Kerner
$\tau$ 2 $\theta^{(2)}\equiv 1-\Sigma’ j(\neq k)\tau j/(x^{(1)}-\alpha_{j})$ : $x^{(2)}=\alpha_{k}-\tau k\theta^{(2)}$ 3
$\theta^{(3)}\equiv 1-\theta^{(2)}\sum_{j(\neq k)}’\tau_{j}/(x^{(2)}-\alpha_{j}),$ $x^{(3)}=\alpha_{k}-\tau_{k}\theta$
(3)
1 $\theta^{(1)}\equiv 1$ : $x^{(1)}=\alpha_{k}-\tau_{k}\theta^{(1)}$ $(s+1)$ $s$ $\theta^{(\epsilon)},x^{(\epsilon)}$
$\theta^{(s+1)}\equiv 1-\theta^{(s)}\sum_{j(\neq k)}’\tau_{j}/(x^{(\epsilon)}-\alpha_{j})\acute{.}x^{(s+1)}=\alpha_{k}-\tau_{k}\theta^{(s+1)}$
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